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FUNCTIONAL INEQUALITIES FOR HEAVY TAILS DISTRIBUTIONS AND 
APPLICATION TO ISOPERIMETRY 

PATRICK CATTIAUX, NATHAEL GOZLAN, ARNAUD GUILLIN, AND CYRIL ROBERTO 



Abstract. This paper is devoted to the study of probability measures with heavy tails. Using the Lya- 
punov function approach we prove that such measures satisfy different kind of functional inequalities 
such as weak Poincare and weak Cheeger, weighted Poincare and weighted Cheeger inequalities and 
their dual forms. Proofs are short and we cover very large situations. For product measures on R" 
we obtain the optimal dimension dependence using the mass transportation method. Then we derive 
(optimal) isoperimetric inequalities. Finally we deal with spherically symmetric measures. We recover 
and improve many previous results. 



Keywords : weighted Poincare inequalities, weighted Cheeger inequalities, Lyapunov function, weak 
i-G ■ inequalities, isoperimetric profile 
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1 . Introduction, definitions and first results. 



-^ . The subject of functional inequalities knows an amazing growth due to the numerous fields of appli- 

cation: differential geometry, analysis of p.d.e., concentration of measure phenomenon, isoperimetry, 
Q ■ trends to equilibrium in deterministic and stochastic evolutions... Let us mention Poincare, weak 

OO ! Poincare or super Poincaie inequalities, Sobolev like inequalities, F-Sobolev inequalities (in partic- 

ular the logarithmic Sobolev inequality), modified log-Sobolev inequalities and so on. Each type of 
inequality appears to be very well adapted to the study of one (or more) of the applications listed 
above. We refer to [36J, [2], [Ml, LIl, L40J, Ii6|, [37l, ||50l, |[IOl, 111 for an introduction. 



H I If a lot of results are known for log-concave probability measures, not so much has been proved for 



measures with heavy tails (let us mention P8l |9l |22j |4l [18] |24l). In this paper the focus is on such 
measures with heavy tails and our aim is to prove functional and isoperimetric inequalities. 
Informally measures with heavy tails are measures with tails larger than exponential. Particularly 
interesting classes of examples are either /c-concave probability measures, or sub-exponential like 
laws (or tensor products of any of them) defined as follows. 

We say that a probabiUty measure fi is /c-concave with k = -l/aif 

(1.1) dij{x) = Vix)~^"''"'^dx 

with V : R" ^ (0, oo) convex and a > 0. Such measures have been introduced by Borell ||26l in 
more general setting. See lITSl for a comprehensive introduction and the more general definition of 
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/c-concave probability measures. Prototypes of /c-concave probability measures are the generalized 
Cauchy distributions 

(1.2) JM-^) - i ((1 + |xp)i/2)"^"''"^ 

for a > 0, which corresponds to the previous description since x i-^ (1 + Ixp)'''^ is convex. In 
some situations we shall also consider dfi{x) - (1/Z)((1 + |x|))"^""'^"'\ Note that these measures are 
Barenblatt solutions in porous medium equations and appears naturally in weighted porous medium 
equations, giving the decay rate of this nonlinear semigroup towards the equilibrium measure, see 



We may replace the power by an exponential yielding the notion of sub-exponential law, i.e. given 
any convex function V : R" — > (0, oo) and ;? > 0, we shall say that 

dfi{x) = e'^'-'''''' dx 

is a sub-exponential like law. A typical example is V{x) = \x\. 

Heavy tails measures are now particularly important since they appear in various areas: fluid mechan- 
ics, mathematical physics, statistical mechanics, mathematical finance ... Since previous results in the 
literature are not optimal, our main goal is to study the isoperimetric problem for heavy tails mea- 
sures. This will lead us to consider various functional inequalities (weak Cheeger, weighted Cheeger, 
converse weighted Cheeger). Let us explain why. 

Recall the isoperimetric problem. 

Denote by d the Euclidean distance on R". For h > the closed /j-enlargement of a set A c R" is 
Ah := {x € M; d{x,A) < h} where d(x,A) := mf{d{x,ay, a € A} is +oo by convention for A = 0. We 
may define the boundary measure, in the sense of//, of a Borel set A c R" by 

UsioA) := limmf ; 

An isoperimetric inequality is of the form 

(1.3) ^,{dA) > FOu(A)) VA c R" 

for some function F. Their study is an important topic in geometry, see e.g. P9l [8l. The first question 
of interest is to find the optimal F. Then one can try to find the optimal sets for which (11.31 ) is an 
equality. In general this is very difficult and the only hope is to estimate the isoperimetric profile 
defined by 

Ijj(a) := inf {jUsidA); //(A) - a), ae [0, 1]. 

Note that the isoperimetric inequality (11.31) is closely related to concentration of measure phenom- 
enon, see 1 20, 41]. For a large class of distributions // on the line with exponential or faster decay, 
it is possible to prove HH |5T] \T5\ [TH IH [lOl \TT\ |46l that the isoperimetric profile /^« of the «-tensor 
product fj." is (up a to universal, hence dimension free constants) equal to I^. 

For measures with heavy tails, this is no more true. Indeed, if /i is a probability measure on R such 
that there exist h > and e > such that for all « > 1 and all A c R" with ju"(A) > 5, one has 

(1.4) ^i"{A + [-h,h]")>^+s, 

then yu has exponential tails, that is there exist positive constants Ci,C2 such that ij{[x,+oo)) < 
Cie-^^\ X € R, see [52]. 
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Therefore, for measures with heavy tails, the isoperimetric profile as well as the concentration of 
measure for product measure should heavily depend on n. Some bounds on /^n, not optimal in n, 
are obtained in [9] using weak Poincare inequality. The non optimality is mainly due to the fact 
that L2 inequalities (namely weak Poincare inequalities) are used. We shall obtain optimal bounds, 
thus completing the pictures for the isoperimetric profile of tensor product of very general form of 
probability measures, using Li inequalities called weak Cheeger inequalities we introduce now. 
As noted by Bobkov [181 . for measures with heavy tails, isoperimetric inequalities are equivalent to 
weak Cheeger inequalities. A probability measure is said to satisfy a weak Cheeger inequality if there 
exists some non-increasing function (3 : (0, 00) -^ [0, 00) such that for every smooth / : R" ^ R, it 
holds 



^ \f-m\dii </3{s)f 



(1.5) J \f-m\dii < Pis) J IV/I dii + s Osc^(/) V^ > 0, 

where m is a median of / for fi and Osc^(/) = ess sup(/) - ess inf (/). The relationship between /? 

in (11.51 ) and F in (11.31) is explained in Lemma [37T] below. Since j \f - m\dfi < ^Osc^if), only the 

values 5' e (0, 1 /2] are relevant. 

Recall that similar weak Poincare inequalities were introduced in P8l . replacing the median by the 

mean and introducing squares. 

Of course if /3(0) < +00 we recover the usual Cheeger or Poincare inequalities. 

In order to get isoperimetric results, we thus investigate such inequalities. We use two main strategies. 
One is based on the Lyapunov function approach |'4','29','3l, the other is based on mass transportation 
method [34, 35J (see also l[T4ll53l[T9li2ri ). In the first case proofs are very short. The price to pay 
is a rather poor control on the constants, in particular in terms of the dimension. But we cover very 
general situations (not at all limited to A-'Concave like measures). The second strategy gives very 
explicit controls on the constants, but results are limited to tensor products of measures on the line or 
spherically symmetric measures (but only for the L2 case). 

This is not surprising in view of the analogue results known for log-concave measures for instance. 
Indeed recall that the famous conjecture of Kannan-Lovasz-Simonovits ([39]) telling that the Poincare 
constant of log-concave probability measures only depends on their variance is still a conjecture. In 
this situation universal equivalence between Cheeger's inequality and Poincare inequality is known 
( Il42ll46l ). and some particular cases (for instance spherically symmetric measures) have been studied 
(|T7l|). In our situation the equivalence between weak Poincare and weak Cheeger inequalities does 
not seem to be true in general, so our results are in a sense the natural extension of the state of the art 
to the heavy tails situation. 

The Lyapunov function approach appears to be a very powerful tool not only when deahng with the 
Li form (11.51 ) but also with L2 inequalities. 

This approach is well known for dynamical systems for example. It has been introduced by Khas- 
minski and developed by Meyn and Tweedie ( Il43ll44l l45l) in the context of Monte Carlo algorithm 
(Markov chains). This dynamical approach is in some sense natural: consider the process whose 
generator is symmetric with respect to the studied measure (see next section for more precise defini- 
tions), Lyapunov conditions express that there is some drift (whose strength varies depending on the 
measure studied) which pushes the process to some natural, say compact, region of the state space. 
Once in the compact the process behaves nicely and pushed forward to it as soon as it escapes. It is 
then natural that it gives nice qualitative (but not so quantitative) proofs of total variation convergence 
of the associated semigroup towards its invariant measure and find applications in the study of the 



4 P. CATTIAUX, N. GOZLAN, A. GUILLIN, AND C. ROBERTO 

decay to equilibrium of dynamical systems, see e.g. |l33l[38l|55l|4l|28l. It is also widely studied in 
statistics, see e.g. f^Sl and the references therein. In f?"], connections are given between Lyapunov 
functions and functional inequalities of weak Poincare type, improving some existing criteria dis- 
cussed in P8l l9l. In this paper we give new types of Lyapunov functions (in the spirit of 131) leading 
to quantitative improvements and in some sense optimal results. Actually we obtain four types of 
functional inequalities: weighted Cheeger (and weighted Poincare inequalities) 



(1.6) 



f\f-m\diJ < C fwflojd^ 



and their dual forms called converse Cheeger (and converse Poincare inequalities) 

(1.7) inf f \f-c\ajd^ <C f \Vf\dn 

where co are suitable "weights" (see Section|2]for precise and more general definitions definitions). 

Weighted Cheeger and weighted Poincare inequalities were very recently studied by Bobkov and 

Ledoux f2T], using functional inequalities of Brascamp-Lieb type. Their results apply to /c-concave 

probability measures. We recover their results with slightly worst constants but our approach also 

applies to much general type laws (sub-exponential for example). 

Note that converse Poincare inequalities appear in the spectral theory of Schrodinger operators, see 

on . We will not pursue this direction here. 

Our approach might be summarized by the following diagram: 



Transport 



Weighted Cheeger 




=> 




Transport 
Weighted Poincare 


Converse Cheeger 


% 
^ 


Lyapunov 


^ 

\ 


Converse Poincare 


11 
Weak Cheeger 




^ 




Weak Poincare 


Isoperimetry 




=> 




Concentration 



Some points have to be underlined. As the diagram indicates, converse inequalities are suitable for 
obtaining isoperimetric (or concentration like) results, while (direct) weighted inequalities, though 
more natural, are not. Indeed, the tensorization property of the variance immediately shows that if 
yu satisfies a weighted Poincare inequality with constant C and weight oj, then the tensor product fx" 
satisfies the same inequality. Since we know that the concentration property for heavy tails measures 
is not dimension free, this implies that contrary to the ordinary or the weak Poincare inequality, the 
weighted Poincare inequality cannot capture the concentration property of fi. The other point is that 
the mass transportation method can also be used to obtain some weighted Poincare inequalities, and 
weighted Poincare inequalities via a change of function lead to converse Poincare inequality (see 
II22I ). The final point is that on most examples we obtain sharp weights (but non necessarily sharp 
constants), showing that (up to constants) our results are optimal. 



The paper is organized as follows. 
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In Section [2] we prove that the existence of a Lyapunov function implies weighted Cheeger and 
weighted Poincare inequalities and their converse. 

Section[3]is devoted to the study of weak Cheeger inequalities and to their application to the isoperi- 
metric problem. The Lyapunov function approach and the transport technique are used. Explicit 
examples are given. 

Then, weighted Poincaie inequalities are proved in Section|4]for some spherically symmetric proba- 
bility measures with heavy tails. We use there the transport technique. 

We show in Section [5] how to obtain weak Poincare inequalities from weak Cheeger and converse 
Poincare inequalities. 
Finally, the appendix is devoted to the proof of some technical results used in Section [3] 

2. From 0-Lyapunov function to weighted inequalities and their converse 

The purpose of this section is to derive weighted inequalities of Poincare and Cheeger types, and their 
converse forms, from the existence of a Lyapunov function for the underlying diffusion operator. 
To properly define this notion let us describe the general framework we shall deal with. 
Let E be some Polish state space equipped with a probability measure ^ and a //-symmetric operator 
L. The main assumption on L is that there exists some algebra ^ of bounded functions, containing 
constant functions, which is everywhere dense (in the L2(ju) norm) in the domain of L. This ensures 
the existence of a "carre du champ" F, i.e. for f,g € Jl, L{fg) - fLg+gLf+2Y{f, g). We also assume 
that r is a derivation (in each component), i.e. T(fg,h) = fT{g,h) + gT{f,h). This is the standard 
"diffusion" case in [2| and we refer to the introduction of ETl for more details. For simplicity we 
set F(/) = T{f,f). Note that, since F is a non-negative bilinear form (see |[T] Proposition 2.5.2]), the 
Cauchy-Schwarz inequality holds: F(/,^) < V^XT) "V^Xi)- Furthermore, by symmetry, 

(2.1) Jr{f,g)diu = -JfLgdiu. 

Also, since L is a diffusion, the following chain rule formula F(^(/), 0(g)) = ^'if)^'{g)T(f,g) 

holds. 

In particular ii E = R", fi(dx) = p(x)dx and L = A + Vlog/j.V, we may consider the C°° functions 

with compact support (plus the constant functions) as the interesting subalgebra J?l, and then F(/, g) = 

V/ • Vg. 

Now we define the notion of O-Lyapunov function. 

Definition 2.2. Let W > I be a smooth enough function on E and (p be a C^ positive increasing 
function defined on R^. We say that W is a cp-Lyapunov function if there exist some set K d E and 
some b > such that 

LW < -(f>iW) + blK. 
This latter condition is sometimes called a "drift condition ". 

Note that, for simplicity of the previous definition, we did not (and we shall not) specify the underly- 
ing operator L. 

Remark 2.3. One may ask about the meaning of LW in this definition. In the R" case, we shall 
choose C^ functions W, so that LW is defined in the usual sense. On more general state spaces of 
course, the easiest way is to assume that W belongs to the (L2) domain of L, in particular LW e L2. 
But in some situations one can also relax the latter, provided all calculations can be justified. 
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2.1. Weighted Poincare inequality and weighted Cheeger inequality. In this section we derive 
weighted Poincare and weighted Cheeger inequalities from the existence of a 0-Lyapunov function. 

Definition 2.4. We say that /i satisfies a weighted Cheeger (resp. Poincare) inequality with weight o) 
(resp. T]) if for some C,D > and all g e ^ with ^-median equal to 0, 

(2.5) ^ \g\dii<C ^ ^Jf{g)ud^i, 
respectively, for all g ^ J{, 

(2.6) Var^ig) <D ^ T{g)rjdii. 

The standard method shows that if (12.51 ) holds, then (12.61 ) also holds with D - 4C^ and t] = co^ (see 
Corollary EH]). 

In order to deal with the "local" part blx in the definition of a 0-Lyapunov function, we shall use the 
notion of local Poincare inequality we introduce now. 

Definition 2.7. Let U c E. We shall say that /u satisfies a local Poincare inequality on U if there 
exists some constant ku such that for all f ^ ^ 

,2 



J f^dn< KU Jnf)diJ + (1/M^)) I J fdfi] 



Notice that in the right hand side the energy is taken over the whole space E (unlike the usual defi- 
nition). Moreover, /^ f^ d/j - {\/iu{U)) (/^ f d/uf = fi{U)YsiV^,{f) with |f := ^. This justifies 
the name "local Poincare inequality". 
Now we state our first general result. 

Theorem 2.8 (Weighted Poincare inequality). Assume that there exists some (j)-Lyapunov function 
W e ^ (see Definition \2.2i and that // satisfies a local Poincare inequality on some subset U '2 K . 
Then for all g € ^, it holds 

(2.9) VarJg) < maxf-^, l| ( f 1 + | T(g)dLi. 

"^^ W(l) I J \ <f>'iW)) ^^^ ^ 

Proof. Let g e Jl, choose c such that j^{g - c)d^ - and set / = g - c. Since Varp(g) - inf^ j{g - 
a)^ djj, we have 



Var,fe,<//^.,<Jl^/.,.J 



■' ^ ' -^ (p{W) ^ 



To manage the second term, we first use that Q>{W) > 0(1). Then, the definition of c and the local 
Poincare inequality ensures that 



r f^d^Ji < r f^dn 

JK Ju 



< KuJr{f)diJ + {i/fi{U))IJfdti\ 



= Ku I Y{g)dn. 
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For the first term, we use Lemma |2. lOl below (with i}/ - (p and h = W). This ends the proof. n 

Lemma 2.10. Let ij/ : M.'^ ^ R.^ be a C^ increasing function. Then, for any f,h € ^ 

J <AW ^ ~ J rih) ^ 



Proof By (I2.1I ). the fact that F is a derivation and the chain rule formula, we have 
Since if/ is increasing and according to Cauchy-Schwarz inequality we get 

fnf,h) ^ /VF(/)F(/i) _ ^jnT) f^Jnh)nh) 

i/fih) ~ if/ih) sfj/ih) Hh) 

< irco^ 1 /VWFW 



2 (//'{h) 2 ip\h) 



The result follows. 



Remark 2.11. To be rigorous one has to check some integrability conditions in the previous proof. 
If W belongs to the domain of L, the previous derivation is completely rigorous since we are first 
dealing with bounded functions g. If we do not have a priori controls on the integrability of LW (and 
F(/, W)) one has to be more careful. 

In the R" case there is no real difficulty provided K is compact and U is for instance a ball B(0, R). To 
overcome all difficulties in this case, we may proceed as follows : we first assume that g is compactly 
supported and f = (g - c)x, where ;t is a non-negative compactly supported smooth function, such 
that If/ < ;^^ < 1. All the calculation above are thus allowed. In the end we choose some sequence Xk 
satisfying \ku <Xk^^, and such that \'^Xk\ ^ 1, and we go to the limit. ♦ 

Remark 2.12. Very recently, two of the authors and various coauthors have pushed forward the 
links between Lyapunov functionals (and local inequalities) and usual functional inequalities, for 
example if ^ (in the Lyapunov condition) is assumed to be linear, then we recover the results in 
ll3l . namely a Poincare inequality (and a short proof of Bobkov's result on logconcave probability 
measure satisfying spectral gap inequality). If cp is superlinear, then the authors of [291 have obtained 
super-Poincare inequalities, including nice alternative proofs of Bakry-Emery or Kusuocka-Stroock 
criterion for logarithmic Sobolev inequality. ♦ 

The same ideas can be used to derive Li weighted Poincare (or weighted Cheeger) inequalities. 
Consider / an arbitrary smooth function with median w.r.t. n equal to 0. Assume that IV is a ^- 
Lyapunov function. Then if f - g - c, 

J '^' ^ J '^V(W) "^ Jk <f>iW) ^ 

^ rmiw), f \f\r{W)f{W) ^ b r 
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Now we use Cauchy-Schwarz for the first term (i.e. r{u, v) < VfX") VTOO) in tlie rigiit liand side, 
we remark that the second term is negative since (f)' is positive, and we can control the last one as 
before if we assume a local Cheeger inequality, instead of a local Poincare inequality. We have thus 
obtained 

Theorem 2.13. Assume that there exists a (p-Lyapunov function W and ^x satisfies some local Cheeger 
inequality 



r \f\dti <Ku{ ^Jn^)d^i, 
Ju Je 



for some U ^ K and all f with median w.r.t. lu p/jj.{U) equal to 0. Then for all g e ^ with median 
w.rt. /I equal to 0, it holds 

(2.14) J|,|,,,„ax(|ii,l)J(l.^)Vfxi)<'.. 

Again one has to be a little more careful in the previous proof, with integrability conditions, but 
difficulties can be overcome as before. 

It is well known that Cheeger inequality implies Poincare inequality. This is also true for weighted 
inequalities: 

Corollary 2.15. Under the assumptions of Theorem \2. 13\ for all g € ^, it holds 

VarJg) < 8 maxf -^, l) f ( 1 + -^| T{g)du. 

Proof. As suggested in the proof of Theorem 5.1 in |l22l, if g has a p median equal to 0, g+ = 
max(g, 0) and g_ = max(-g, 0) too. We may thus apply Theorem 12. 13l to both g^ and g^, yielding 

and similarly for g_. Applying Cauchy-Schwarz inequality, and using the elementary (a + Z?)^ < 
2a^ + 2b^ we get that 

and similarly for g_ . To conclude the proof, it remains to sum-up the positive and the negative parts 
and to notice that Varp(g) < j g^ dp. a 

Note that the forms of weight obtained respectively in Theorem 12.81 and last corollary are different. 
But, up to constant, they are of the same order in all examples we shall treat in the following section. 

2.2. Examples in R". We consider here the R" situation with dp{x) = p{x)dx and L = A -i- V log /?. V, 
p being smooth enough. We can thus use the argument explained in remark 12.111 so that as soon as 
W is C^ one may apply Theorem 12. 8 1 and Theorem 12. 131 
Recall the following elementary lemma whose proof can be found in |[3l . 

Lemma 2.16. IfV is convex and j e~^^^^ dx < +oo, then 

(1) for all X, x.VV{x) > V{x) - V{0), 

(2) there exist 6 >0 and R>0 such that for \x\ > R, V{x) - V{0) > 6 \x\. 
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We shall use this Lemma in the following examples. Our first example corresponds to the convex 
case discussed by Bobkov and Ledoux |22|. 

Proposition 2.17 (Cauchy type law). Let dfi{x) = (V(x))~^"'^"^ dxfor some positive convex function 
V and a > 0. Then there exists C > such that for all g 

Var^ig) <cf \Vg{xf (1 + \xf)dfi{x), 

f \g-m\dfi <C f \Vg{x)\ (1 + \x\)d^{x), 

where m stands for a median of g under fi. 

Remark 2.18. The restriction a > is the same as in ||22]! . 

Proof. By Lemma [2. 191 below, there exists a (^-Lyapunov function W satisfying {I / <p' (W)){x) = 
— - — \x\^ for X large. Hence, in order to apply Theorem 12.81 it remains to recall that since d/u/dx 



c{k-2) I 

is bounded from below and from above on any ball B{0,R), ju satisfies a Poincare inequality and a 
Cheeger inequality on such subset, hence a local Poincare (and Cheeger) inequality in the sense of 
definition l2.7l (or Theorem l2. 131 ). This ends the proof. n 

Lemma 2.19. Let L - A - (n + a){W/V)V with V and a as in Proposition 12. 1 71 Then, there exists 
k > 2, b,R > and W > \ such that 

LW < -0(W) + blB(0,R) 

with (f>(u) = cu^^''^^^^ for some constant c > 0. Furthermore, one can choose W{x) - \xf for x large. 

Proof. Let L = A-{n + a)(W/V)V and choose W > 1 smooth and satisfying W{x) - |x|*^ for \x\ large 
enough and k > 2 that will be chosen later. For \x\ large enough we have 

k-2 I (n + Qf)x.Vy(x) 

LW{x) = k{W{x))— in + k-2- -- 

I V{x) 

Using (1) in Lemma l2.16l (since \/~(«+'^) is integrable e~^ is also integrable) we have 

{n + a)x^VVix) V{0) 

n + k - 2 <k-2-a + {n + a) 



V{x) - 'V{x) 

V(Q 

V(x) 



Using (2) in Lemma 12.161 we see that we can choose \x\ large enough for ■^7^ to be less than e, say 
\x\ > /?£. It remains to choose k > 2 and e > such that 

k + ns - 2 - a{l - s) < -y 

for some y > 0. We have shown that, for \x\ > R^, 

LW < -kycpiW), 

with (/)(u) - u~i^ (which is increasing since k > 2). A compacity argument achieves the proof. D 

Remark 2.20. The previous proof gives a non explicit constant C in terms of a and n. This is mainly 
due to the fact that we are not able to control properly the local Poincare and Cheeger inequalities on 
balls for the general measures dp = {V{x))~'-"'^"^ dx. More could be done on specific laws. 

Our next example deals with sub-exponential distributions. 
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Proposition 2.21 (Sub exponential like law). Let dp = (l/Zp) e~^'' for some positive convex function 
V and p > 0. Then there exists C > such that for all g 

Var^ig) <C J \Wg{xf (l + (1 + \x\f^'-P^) d^x) , 

f \g-m\d^ < C f \Vg{x)\ (l + (1 + \x\f'P^) dKx) , 

where m stands for a median of g under p^. 

Remark 2.22. For /? < 1 we get some weighted inequalities, while for /? > 1 we see that (changing 
C into 2C) we obtain the usual Poincare and Cheeger inequalities. For p - I, one recovers the well 
known fact (see ll39l IT6l ) that Log-concave distributions enjoy Poincare and Cheeger inequalities. 
Moreover, if we consider the particular case dp{x) - (1/Zp)e~'^''' with < p < \, and choose 
g{x) - gl-'^l''''^ l[OR](x) for ;c > and g{-x) - -g{x), we see that the weight is optimal in Proposition 

Proof The proof follows the same line as the proof of Proposition |2?T7J using Lemma |2.23| below. n 

Lemma 2.23. Let L = A — pV^^^^V^ for some positive convex function V and p > 0. Then, there 
exists b,c,R > and W > \ such that 

LW < -(PiW) + b\B(m 

with (p{u) = u log ^'^~ ^'^(c + u) increasing. Furthermore, one can choose W{x) = e^'"' for x large. 

Proof. We omit the details since we can mimic the proof of Lemma [2. 191 n 

Remark 2.24. Changing the values of b and 7?, only the values of <1)(m) in the large are relevant. 
In other words, one could take O to be an everywhere increasing function which coincides with 
u log '-'''^^'''(u) for the large m's, choosing the constants b and R large enough. 

2.3. Example on the real line. In this section we give examples on the real line where other tech- 
niques can also be done. 

Note that in both previous examples we used a Lyapunov function W = p~^ for some well chosen 
7 > 0. In the next result we give a general statement using such a Lyapunov function in dimension 1 . 

Proposition 2.25. Let dp{x) = e^^'-^^dx be a probability measure on R/or a smooth potential V. We 
assume for simplicity that V is symmetric. Furthermore, we assume that V is concave on (R, +oo)for 
some R > and that iV" /\V'\^] (x) —^ r > -Ijl as x ^ oa. Then for some S > R and some C > 0, 
it holds 

Var,{g) <C J \g\xf 1 1 + i|^) dp{x), 



j'\g-m\dp<C j \g'{x)\ |l + i^J dp{x) 



where m is a median of g under /x. 

Proof. Since V is non-increasing on (/?, +oo) it has a limit / at -i-oo. If / < 0, V goes to -oo at +oo 
with a linear rate, contradicting j e'^dx < +oo. Hence Z > 0, V is increasing and goes to +oo at +oo. 
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Now choose W = e^^ (for large \x\). We have 

UN = {yV" - {y-y^Wf) W^ 

so that for < y < 1 we have LW < -(y - y^)|VpW at infinity. We may thus choose 0(lV) = 
(y ~ 7^)1 ^'P ^ ■ The corresponding can be built on (W"^(7?), +oo) where W is one to one. On the 
other hand, 

0'(W) W = (y - y^)Y W {iV" + ylVf ) , 

so that, since W > 0, V > and W" j\W^ > -\I2 asymptotically, (p is non-decreasing at infinity for 
a well chosen y. Then, it is possible to build on a compact interval [0, a\ in order to get a smooth 
increasing function on the whole K.+. 

Since djildx is bounded from above and below on any compact interval, a local Poincare inequality 
and a local Cheeger inequality hold on such interval, hence, it remains to apply Theorem 12.81 and 
Theorem 12. 131 since at infinity (p'{W) behaves like \V'^. n 

Remark 2.26. The example of Proposition 12.211 enters the framework of this proposition, and the 
general Cauchy distribution V{x) - clog(l + |xp) does if c > 1, since V" /\V'\^ behaves asymp- 
totically as -l/2c. Note that the weight we obtain is of good order, applying the inequality with 
approximations of e^''^. 

It is possible to extend the previous proposition to the multi-dimensional setting, but the result is 
quite intricate. Assume that V{x) -^ +oo as \x\ -^ +oo, and that V is concave (at infinity). The same 
W = e'^^ furnishes LW/W = yAV - (y - y^)|VVp. Hence we may define 

(f,(u) = (y - y2) u inf \VVf with A{u) = {x; V{x) = log(M)/y} 

A(h) 

at least for large m's. The main difficulty is to check that is increasing. This could probably be done 
on specific examples. 

It is known that Hardy-type inequalities are useful tool to deal with functional inequalities of Poincare 
type in dimension 1 (see |[T3l IT2l for recent contributions on the topic). We shall use now Hardy- 
type inequalities to relax the hypothesis on V and to obtain the weighted Poincare inequality of 
Proposition 12.251 However no similar method (as far as we know) can be used for the weighted 
Cheeger inequality, making the 0-Lyapunov approach very efficient. 

Proposition 2.27. Let dii{x) = e'^'-^'^dx be a probability measure on M.for a smooth potential V that 
we suppose for simplicity to be even. Let e e (0, 1). Assume that there exists xq > Q such that V is 
twice differentiable on [xq, c>o) and 

V'{x) + 0, ^^-^ < 1 - e, Vx > xo. 

w \xy 

Tlien, for some C > 0, it holds 

Var,{g) <C J Ig'ixf 1 1 + ^^J ^i{dx) . 

Proof. Given rj and using a result of Muckenhoupt f47l, one has for any G 

I {G{x) - G(0)f id(dx) < 4B I G'{xf{\+i]^{x))iu{dx), 
Jo Jo 
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with B = supj.>o ^,'"°°e ^W<ixj \^j^ -j-^^ dxj. Hence, since V is even and Var^(g) < j_^ (G(x) - 
G(0)) dfx + L (G(x) - G{0)) dfi, the previous bound applied twice leads to 

Var^te) < 4B J |/(x)|2 (l + rj{xf)di^. 
In particular, one has to prove that 



B - sup 

))>0 \Jy 



/ p+co \ py V(x) 

U / Jo i + i^ 






■ dx 



< oo 



Consider y > xq. Then, (note that V > since it cannot change sign and e ^ is integrable), 



ry gvw p r(x)e^w ^ 
T dx = ; — dx 

^ +(!-£) 



v + — 



+ 






•\yV"{{V'f-l) 



{{V')^ + 1)2 



•^ -(n'Kn'-ii 



V'(y) 



^0 

•y 



gViy) ny V 



((V')2 + 1)2 



V'Cv) •^■^0 " ■ (y')2 

where in the last hne we used that x^lx^ - l|/(x2 + 1)^ < 1/(1 + -L) for x = V > 0. This leads to 



X 



,V{x) 



-^0 1 + 



l|-t|>-io 

IVfW 



■ dx < —■ 



,V(y) 



£ V'(y) + yr 



Similar calculations give (we omit the proof) 



I 



+00 1 -V(y) 

-n^)dx<-- 



V'(y) 



Vy > xo. 



.>. e V'iy) 

Combining these bounds and using a compactness argument on [0, xq], it is not hard to show that B 
is finite. n 

We end this section with distributions in dimension 1 that do not enter the framework of the two 
previous propositions. Moreover, the laws we have considered so far are k concave for k > -oo. The 
last examples shall satisfy k = -oo. 

Example 2.28. Let q > I and define 

d/x{x) = (l/Zq) ((2 + |x|) log'?(2 + |x|))~^ dx = V-\x)dx xeR. 

The function Vq is convex but Vq is no more convex for y < 1 (hence k = -oo). We may choose 
W{x) = (2 + |x|)2 log''(2 + |x|) (at least far from 0), which is a 0-Lyapunov function for 0(m) = 
log''~H2 + \u\) provided q > a > \ (details are left to the reader). We thus get a weighted inequality 



(2.29) 



Var^(g) <cf \Vg{xf (l + x^ log2(2 + |x|)) d^x) . 



Unfortunately we do not know whether the weight is correct in this situation. The usual choice g 
behaving like ^J{2 + |x|) log*(2 + |x|) on (-/?, R) furnishes a variance behaving like R but the right 
hand side behaves like R log^ R. 
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We may even find a Lyapunov functional in tlie case V{x) = x log x log^(log x) for large x and 
^ > 1, i.e choose W(x) = 1 + |xp log(2 + \x\) log'^ log(2e + \x\) with 1 < c < g for which (p{x) is merely 
log'^" log(2e + \x\) so that the weight in the Poincare inequality is 1 + \x^ log^(2 + |x|) log^ log(2e + |x|). 
♦ 

2.4. Converse inequalities. This section is dedicated to the study of converse inequalities from 0- 
Lyapunov function. We start with converse Poincare inequalities and then we study converse Cheeger 
inequalities. 

Definition 2.30. We say that // satisfies a converse weighted Cheeger (resp. Poincare) inequality with 
weight CO if for some C > and all g e ^ 

(2.31) inf f \g-c\oJd^l<C f ^|f{g)d^u, 
respectively, for all g ^ J{, 

(2.32) inf \ \g-c\^a)dp < C \ T{g) d/j. . 

2.4.1. Converse Poincare inequalities. In |[22, Proposition 3.3], the authors perform a change of 
function in the weighted Poincare inequality to get 

Mj{f-cfojdiu<J\Wffdp. 

This method requires that the constant D in the weighted Poincare inequality ( 12.61 ) (with weight 
T]{x) = (1 + \x\)^) is not too big. The same can be done in the general situation, provided the derivative 
of the weight is bounded and the constant is not too big. 
But instead we can also use a direct approach from 0-Lyapunov functions. 

Theorem 2.33 (Converse Poincare inequality). Under the assumptions of Theorem 12.81 for any g € 
^, it holds 

(2.34) inf jig - cf ^ dn<{l+ bKu) J Tig) d/x . 

Proof. Rewrite the drift condition as 

4>(W) LW 

w := < h dIk , 

WW 

recalling that W > 1. Set f - g - c with j {g - c)dp = 0. Then, 

Mlig-cf^-^dp<lf^wdp<l-^f^dp.tlj-d,. 

The second term in the right hand side of the latter can be handle using the local Poincare inequality, 
as in the proof of Theorem 12.81 (we omit the details). We get j^ f^ dfi < ku ^ T{g)dp.. For the first 
term we use Lemma [2. 101 with i/^(x) - x. This achieves the proof. n 

Remark 2.35. In the proof the previous theorem, we used the inequality 
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By ||29l Lemma 2.12], it turns out that the latter can be obtained without assuming that F is a deriva- 
tion. In particular the previous Theorem extends to any situation where L is the generator of a /i- 
symmetric Markov process (including jump processes) in the form 

inf Jte - cf ^ dii<{l+ bKu) J -g Lg di2 . 


Now we give two examples to illustrate our result. 

Proposition 2.36 (Cauchy type law). Let d/uix) = {V{x))~^"'^'^^ dxfor some positive corrvex function 
V and a > 0. Then there exists C > such that for all g 

inf {{g{x) - cf — ^ d^i{x) <C { |Vg|2 dix . 
c J 1 + \xV J 



Proof. It is a direct consequence of Theorem 12 . 3 3 1 and Lemma 12.191 



Proposition 2.37 (Sub exponential like law). Let dfi = {l/Zp)e ^'' for some positive convex function 



V and p € (0, 1). Then there exists C > such that for all g 

inf J{g{x) - cf YT^So^ ^/^W ^ C J \Vgf dp . 
Proof. Again it is a direct consequence of Theorem 1233] and Lemma l2!23l a 

2.4.2. Converse Cheeger inequalities. Here we study the harder converse Cheeger inequalities. The 
approach by (^-Lyapunov functions works but some additional assumptions have to be done. 

Theorem 2.38 (Converse Cheeger inequality). Under the hypotheses of Theorem \2.13\ assume that 
K is compact and that either 

(1) \Y{W, T{W))\ < 25(p{W) (1 + T{W)) outside K, for some 6 e (0, 1) 
or 

(2) T{W, T(W)) > outside K. 

Then, there exists a constant C > such that for any g € ^, it holds 



inf f\g-c\-^^=dp<C f ./iWdp. 
<^ J VI + T(W) J 



VI + nw) 

Remark 2.39. Note that using Cauchy-Schwarz inequality, Assumption (1) is implied by r(r(W)) < 
46^(l>{Wf{l + r{W)) outside K. 

On the other hand, in dimension 1 for usual diffusions, we have T(W, T(W)) = 2\W'\^ W". Hence this 
term is non negative as soon as W is convex outside K. 

Proof, hetg e J?landset/ - ^ - c with c satisfying J {g-c)dp - 0. Recall thatLW < -(l){W)+blK. 
Hence 

4>{W) ^ LW ^ blK ^ LW ^ ^^^ 

VI + T{W) ~ VI + nw) Vi + r(W) ~ ^/TTT(W) 

In turn, 

f \f\ /^^^ - ^1' < - r , '•^' - r.wdjj + h f \f\dp. 
J vi+r(W) J VI + nw) Jk 
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To control the first term we use ( I2.1I) . the fact that F is a derivation and Cauchy-Schwarz inequality 
to get that 

J ^/TTTW) J \ VI + r(W) / 

J VI + nw) J \ VI + nw) 1 

Now, we divide the second term of the latter in sum of the integral over K and the integral outside K. 

Set M :- supf^ j . Under Assumption (2), the integral outside K is non-positive, thus we end 

2(i+r(W))2 
up with 

f\f\^^^=dn< f Vf(7)^//+(M+Z7) r \f\dfi 

J ^/T+T(W) J Jk 

while under Assumption (1), we get 

f\f\^^^=dfi< f ^JWydi^ + iM + b) [ \f\dfi + 6 f\f\ ^f^l— dfi 
J ^/T+T(W) J Jk J ^/l+T(W) 

In any case the term j \f\ dfi can be handle using the local Cheeger inequality (we omit the details): 

we get j^ \f\diJ. < Ku j ^JT{g)dfi. This ends the proof, since r(/) - T{g). n 

We apply our result to Cauchy type laws. 

Proposition 2.40 (Cauchy type laws). Let dfi{x) = (^(x))"^"^'*^ dxfor some positive convex function 
V and some a > 0. Then, there exists C > such that for any g, it holds 



inf f \g(x)-c\—^u{dx)<C f 



\yg\dfi. 



Proof By Lemma |2. 191 we know that W{x) = |x|*^ (for x large) is a 0-Lyapunov function for (p(u) = 
c|m|(*-2)//: Note that r{W,r(W))(x) = (Ik - 2)k^\x\^''-'^ at infinity. Hence Assumption (2) of the 
previous theorem holds and the theorem applies. This leads to the expected result. n 

The same argument works for sub exponential distributions (we omit the proof). 

Proposition 2.41 (Sub exponential type laws). Let d/u - {l/Zp)e'~^'' for some positive convex func- 
tion V and p € (0, 1). Then there exists C > such that for all g 



inf f\g{x)-c\ ] dii{x)<C {\^gW. 
c J 1 + \xY'P J 



We end this section with an example in dimension 1. Consider dju. - e~^ on R, and W = e^^ for some 
y < 1. The function W is convex in the large as soon as limsup(|V"|/|y'p) < y at infinity. Hence we 
can use remark [239] and the previous theorem to get that, under the hypothesis of Proposition 12.251 
for some S > and C > 



inf J \8-c\ (1(-5,S) + \V'\) diJ<C J \g'\ dp . 



(we used also that W is a Lyapunov function with (f> satisfying (f>{W) = (y- 'y^)\V'\^W (which leads to 
4>iW)/ VI + r(W') of the order of \V'\ in the large), see the proof of Proposition 12. 25l for more details). 
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2.5. Additional comments. Stability. As it is easily seen, the weighted Cheeger and Poincare in- 
equalities (and their converse) are stable under log-bounded transformations of the measure. The 
Lyapunov approach encompasses a similar property with compactly supported (regular) perturba- 
tions. In fact the Lyapunov aproach is even more robust, let us illustrate it in the following example: 
suppose that the measure ju = e~^dx satisfies a 0-Lyapunov condition with test function W and sup- 
pose that for large x, W.VW > WV?7 for some regular (but possibly unbounded) U, then there 
exists y6 > such that dv = e'^^'^^^dx satisfies a ^-Lyapunov condition with the same test function W 
and then the same weighted Poincare or Cheeger inequality. 

Manifold case. In fact, many of the results presented here can be extended to the manifold case, as 
soon as we can suppose that V{x) ^ oo as soon as the geodesic distance (to some fixed points) grows 
to infinity and of course that a local Poincare inequality or a local Cheeger inequality is valid. We 
refer to 1,29,1 for a more detailed discussion. 



3. Weak inequalities and isoperimetry. 

In this section we recall first a result of Bobkov that shows the equivalence between the isoperimetric 
inequality and what we have called a weak Cheeger inequality (see ll.51) . 

Lemma 3.1 (Bobkov flSl). Let fi be a probability measure on R". There is an equivalence between 
the following two statements (where I is symmetric around 111) 

(1) for all s > and all smooth f with // median equal to 0, 

J \f\diu < Pis) J \Vf\diJ + sOsc^if), 

(2) for all Borel set A with < /i(A) < 1, 

fisidA) > I(p(A)), 
where ^ and I are related by the duality relation 

/3{s) = sup — — , 7(0 = sup -— fort<-. 
,<,<! ^(0 o<s<t Pis) 2 

Here as usual OsCp(/) = ess sup/ - ess inf / and iJ.s{dA) = lim inf /,^o ^ ^' ■ 

Recall that in the weak Cheeger inequality, only the values s € (0, 1/2) are relevant since j\f\dfi < 
^OsCfjif). Moreover this Lemma and its proof extend to the general case we are dealing with as 
soon as the general coarea formula is satisfied and provided one can approximate indicators by Vt 
of Lipschitz functions. 

Thanks to the previous lemma, we see that isoperimetric results can be derived from weak Cheeger 
inequalities. We now give two different way to prove such inequalities. The first one is based on the 
0-Lyapunov approach using the converse Cheeger inequalities proved in the previous section. The 
second one uses instead a transportation of mass technique. 
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3.1. From converse Cheeger to weak Cheeger inequalities. Here we shall first relate converse 
inequalities to weak inequalities, and then deduce some isoperimetric results on concrete examples. 

Theorem 3.2. Let ^ be a probability measure and co be a non-negative function satisfying co = 
J codfi < +00. Assume that there exists C > such that 



ini f\g-c\ajdiJ<C f ^/f{i) 



d/d \fg e Jl. 



Define F{u) = iu{a> < u) and G{s) = F \s) := mf[u;ju{a) < u) > s). Then, for all s > and all 
g ^ ^ it holds 

inf I \g-c\dii < -— I ^Jf{g)d^i + iOsc^C/). 

Proof. Let g e ^. Define m^ e R to be a median of g under ud/u/cd. We have 
inf \ \g-c\d^ < I \g-moj\dfi 

< I Ig-mJ-dp. + I \g- mj d/j 

Joj>u ^ Joj<ii 

< - I \g-mJcodiJ + Oscp(g) F(u) 

= - M I \g-c\ojdiu + Osc^(g) F(u) . 

U c J 

It remains to apply the converse weighted Cheeger inequality and the definition of G. Note that if 
F(u) = Ofor u < uq then G{s) > uq. d 

We illustrate this result on two examples. 

Proposition 3.3 (Cauchy type laws). Let dju{x) = V~^"'''"\x)dx with V convex and a > 0. Recall that 
K = -I /a. Then, there exists a constant C > such that for any f with ^-median 0, 

r l/l dii < Cs' f IV/I dfi + sOsc^if) Vs > 0. 

Equivalently there exists C > such that for any A c R", 

HsidA) > C'min(//(A), 1 - niA))^'" . 

Proof. By Proposition 12.401 jj. satisfies a converse weighted Cheeger inequality with weight a;(x) = 
y4-T. So F{u) = ii{oj < u) - iu{u~^ - 1 < |;c|). Since V is convex, V{x) > p\x\ for large \x\ (recall 
Lemma l2.16l ). hence using polar coordinates we have 

lui\x\>R)= f V-f^ix)dx < r p-'^\x\-^dx< cR"-^, 

J\x\>R J\x\>R 

for some c = c(n,a,p). The result follows by Theorem 13.21 The isoperimetric inequality follows at 
once by Lemma [3T] n 

Remark 3.4. The previous result recover Corollary 8.4 in ifTSl (up to the constants). Of course we 
do not attain the beautiful Theorem 1.2 in I1I81I . where S. Bobkov shows that the constant C only 
depends on k and the median of |x|. 
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Proposition 3.5 (Sub exponential type laws). Let dp. - (l/Zp) e'^'' for some positive convex function 
V and p € (0, 1). Then there exists C > \ such that for all f with p-median 0, 

r \f\dp < C\ogl^~\cis) f \Vf\dp + sOsc.if) Vs e (0, 1). 

Equivalently there exists C > such that for any A c R", 



pAdA) > C min {p{A), 1 - p{A)) log 



1 



min {p{A), 1 - p{A)) 



Proof. According to Proposition 12.411 p verifies the converse Cheeger inequality with the weight 
function o) defined by (jl){x) - 1/(1 + |x|'"'') for all x € R". Moreover, since V is convex, it follows 
from Lemma l2.16l that there is some p > such that Je^'l^l'' dp{x) < oo. Hence, applying Markov's 
inequality gives p{\x\ > R) < Ke~P^'' , for some K >\. Elementary calculations gives the result. a 



3.2. Weak Cheeger inequality via mass transport. The aim of this section is to study how the 
isoperimetric inequality, or equivalently the weak Cheeger inequality, behave under tensor products. 
More precisely, we shall start with a probability measure p on the real line R and derive weak Cheeger 
inequalities for p" with explicit constants. 

We need some notations. For any probability measure p (on R) we denote by F^ the cumulative 
distribution function of p which is defined by 

F^{x)= p{-oo,x\, VxeR. 

It will be also convenient to consider the tail distribution function F^^ defined by 

F^(x) = 1 - Ff,{x) = p{x, +oo), Vx € R. 

The isoperimetric function of p is defined by 

(3.6) J.^F'^oF-^'. 

In all the sequel, the two sided exponential measure dv{x) - ^e^''"' dx, x e R will play the role 
of a reference probability measure. We will set Fy - F and Jy = J for simplicity. Note that the 
isoperimetric function J can be explicitly computed: J{t) = min(?, I - t), t € [0, 1]. 

3.2. 1. A general result. We are going to derive a weak Cheeger inequality starting from a well known 
Cheeger inequality for y" obtained in |19| and using a transportation idea developed in Il34l . Our 
result will be available for a special class of probability measures on R which is described in the 
following lemma. 

Lemma 3.7. Let p be a symmetric probability measure on R ; the following propositions are equiv- 
alent 

(1) The function log F^ is convex on R^, 

(2) The function JIJ^ is non increasing on (0, 1/2] and non decreasing on [1/2, 1). 

Furthermore, ifdp{x) - ^"'^(l-'^l) dx with O : R''^ — > R concave, then log Fu is convex on R"*". 
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Proof. The equivalence between (1) and (2) is easy to check. Now suppose that ji is of the form 

djiix) = e'^'^l'^l^ dx with a concave O. Then for r eM.'^, 

(log F,nr) = (l)'(r) e-i'(-^) ds - e^'^^'-^ 

[^^e-^(^)ds)\ Jr I 

where O' is the right derivative. Since O is concave, O' is non-increasing. It follows that 

XCO r*0O 

e-'^'^'^ds> I (t>'{s)e-'^'^'^ds^e-'^^'-\ 

The result follows. n 



Recall that distributions satisfying (1) in the previous lemma are known as "Decreasing Hazard Rate" 
distributions. We refer to ||6l for some very interesting properties of these distributions (unfortunately 
less powerful than the Increasing Hazard Rate situation). 

Using a mass transportation technique, we ai^e now able to derive a weak Cheeger inequality for 
product measures on R". Dimension dependence is explicit, as well as the constants. 

Theorem 3.8. Let ^be a symmetric probability measure on R absolutely continuous with respect to 
the Lebesgue measure. Assume that log F^ is convex on R^. 
Then, for any n, any bounded smooth function / : R" ^ R satisfies 

(3.9) J 1/ - m\ dif < ^1 ^ J I V/l dtf + K2nsOsc(f), \fse (0,1 /2), 

where m is a median off under p", k\ -2 "76 and ki = 2(1 +2 y6). 

Remark 3.10. Note that / 1/ - m\dp" < Osc(/). Hence only the values s < (Kjn)'^ are of interest in 
&3. 



Proof. Recall that v is the two sided exponential distribution. Fix the dimension n and r > 0. By ||T9l 
Inequality (6.9)], any locally Lipschitz function /j : R" ^ R with J \h\ dv" < oo satisfies 

(3.11) f\h- mAh)\ dv" < ki f \Vh\ dv" 



where my>i(h) is a median of h for y" and | • | is the Euclidean norm on R". 

Consider the map T" : R" -^ R", that pushes forward v" onto p", defined by (xi,...,x„) i-^ 

(r(xi), ...,r(x„)) with T = F^^ o F. By construction, any / : R" ^ R satisfies jf(T")dv'' = 

Jfdp". 

Next, for ? > let B(t) = {x = (xi, . . . , x„) : max, |x,| < t}. Fix a > that will be chosen later 

and consider g : R ^ [0, 1] defined by ^(x) - (l - ^(x - r)+j with Z+ = max(X, 0). Set (p(x) = 

g(max,(|x,|)), X € R". The function ip is locally Lipschitz. 

Finally let / : R" ^ R be smooth and bounded. We assume first that is a //"-median of /. 

Furthermore, by homogeneity of (13.91) we may assume that Osc(/) = 1 in such a way that ||/||oo < 1- 
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It follows from the definition of the median that 

J I/I d/u" ^ J 1/ - m,.((/^)(r))i dfi" 

<J\f,p- mAif<p)iT"))\ dfi" + J 1/(1 - ^)| dfi'' 

<j\f^- myn{{f^){T"))\ dn" + /i" {Birf) . 

Note that the assumption on logF^ guarantees that T' o T~^ is non-decreasing on R"*". Hence, using 
(13.111 ). the triangle inequaUty in £^{R"), the fact that < ^ < 1 on R" and ^ ^ di(p ^ on B{r + af 
imply that 



/' 



-/ 



1/^ - m,»((/^)(r"))| d^l" - \{fv){T") - mA{f^){T"))\ dV 



<Kl 



I 



A 



J] r'(x02 {(ipdifW) + {fdiip){T-)f dv" 



i=l 



/n 
. 2 r' o r-i(x02 (^5,/ + fdiifif dif 

p n p n 

< ^ir o r-i(r + a) (J IV/IJ//" + J |V^|J/^"J . 



Note that |V^| < l//j on B(r + a) \ B{f) and |V^| = elsewhere //"-almost surely. Hence, 



Al 



1 



(3.12) {\f\dif < K{T' o T-\r + 

Since ju is symmetric, we have 

G(0:-yu"(B(0)-(l-2F^(0)" 



IVfldfi" + -//" (B(r + a) \ B{r)) + //" {B{rf) . 
a 



Hence, 



— x«-l 



lim -n" (B{r + a) \ B{r)) = G\r) = InF'Jr) (l - IfM 



< 2nF'^{r). 

On the other hand, since the function x h^ 1 - (1 - 2x)" is concave on [0, 1 /2], one has: 1 - (1 - 2x)" < 
2nx for all x e [0, 1/2]. As a consequence, 

n"{B{ry) - 1 - G{r) = 1 - (1 - 2F^(r))" < 2nF^{r), 

for all r > 0. 

Letting a go to in (13.121 ) leads to 



J' 



'I 



\f\dfi" < K,r o T-\r) \Vf\diu"+2nKiT' o T~\r)F'{r)+2nF^{r). 
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Note that T' oT'^ = Jo F^/F'^ ^ min(Fp, 1 - F^)/F'^. Hence, for r > 0, 

r o T~\r)F'^{r) = ^-I^F'^ir) = F,{r) . 
It follows that 

for all r > 0. Using the symmetry of// it is easy to see that F'^ o F^ (t) = J^{t) for all t € (0, 1/2). 
Consequently, one has 

J I/I d^f < ^1 -^ J |V/| dif + K2ns, 

for all s € (0, 1/2). For general / : R" ^ R with //"-median m, we apply the result to f - m. This 
ends the proof. n 

Combining this theorem with Bobkov's Lemma [3TT] we immediately deduce 

Corollary 3.13. Let ju be a symmetric probability measure on R absolutely continuous with respect 
to the Lebesgue measure. Assume that log _F^ is convex on R^. Then, for any n, any Borel set A c R" 
satisfies 

<3.14) (,.,„„,), !^,/ -^-W).l-.'(^)) V 



Proof. According to Lemma IXTl if //(A) < 1/2 (the other case is symmetric), (//")v(5A) > /(//"(A)) 
with I{t) = supo<i<, ^, for t < 1/2, where according to the previous theorem 

A"! s 

nK2 Jfj{s/nK2) ' 
for s < nK2/2 hence for s < 1/2. This yields 

t- s Jf,{slnK2) 
I{t) = sup . 

0<.v<r Ki {s/nK2) 

In order to estimate / we use the following: first a lower bound is obtained for s = t/2 yielding 
the statement of the corollary. But next according to Lemma [3771 the slope function J^{v)/v is non- 
decreasing, so that 

t- S J^i{tlnK2) «/^2 , , , , 
/(?) < sup ^- < J^,{tlnK2) . 

Remark that we have shown that for ? < 1 /2 

(3.15) —JJt/2nj<2) < I{t) < —JJt/nK2), 

so that up to a factor 2 our estimate is of good order. n 
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3.2.2. Application: Isoperimetric profile for product measures with heavy tails. Here we apply the 
previous results to product of the measures 

(3.16) p{dx) - ii(^{dx) = Z'^ &x^{-(^{\x\)}dx , 

X € R, with O concave. 

For even measures on 1. with positive density on a segment, Bobkov and Houdre [W, Corollary 
13.10] proved that solutions to the isoperimetric problem can be found among half-lines, symmetric 
segments and their complements. More precisely, one has for ? e (0, 1) 

/ /min(?, 1 -?)\\ 

(3. 17) 7^(0 = min Uit), 2J^( ^-j ^) 1 . 

Under few assumptions on O, 7^ compares to the function 

Lq,(t) = min(f, 1 - t)<^' o <D"Mlog ^ 



min(f , 1 - f) / ' 
where O' denotes the right derivative. More precisely. 

Proposition 3.18. Let (^ : W^ ^> Rbe a non-decreasing concave function satisfying 0{x)/x -^ as 
X — > oo. Assume that in a neighborhood of +oo the function O is C^ and there exists 9 > I such that 
O^ is convex. Let fi,^ be defined in dJ.76D . Define Ffj and J^, as in ii3.6\l . 
Then, 

l.n. ^-W , =V 

Consequently, /f 0(0) < log 2, Lid is defined on [0, 1] and there exist constants ^1, ^2 > such that for 
all t € [0, 1], 

kiL^it) < Jf,{t) < k2L^{t). 

Remark 3.19. This result appears in 17] |23l in the particular case 0(x) = |x|'' and in ifTTI for <1) 
convex and Vo concave. ♦ 

The previous results together with Corollary 13.131 lead to the following (dimensional) isoperimetric 
inequality. 

Corollary 3.20. Let O : R^ ^ R ^e a non-decreasing concave function satisfying <l)(x)/x -^ as 
X ^ 00 and 0(0) < log 2. Assume that in a neighborhood of +00 the function O is C and there exists 
9 > I such that O^ is convex. Let dfj.{x) = Z^'e~'^^'^'^(ix be a probability measure on R. Then, 

Iun{t) > cmin(f, 1 - 00' o 0"i (log ) V? e [0, 1], V« 

\ min(?, I - t)j 

for some constant c > independent on n. 

Remark 3.21. Note that there is a gain of a square root with respect to the results in ||3- 

For the clarity of the exposition, the rather technical proofs of Proposition 13.181 and Corollary 13.201 

are postponed to the Appendix. 

We end this section with two examples. 
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Proposition 3.22 (Sub-exponential law). Consider the probability measure fi on R, with density 
Z~^e~'^''', p € (0, 1]. There is a constant c depending only on p such that for all n > 1 and all A c R", 

lu'lidA) > cmin(/i"(A), 1 -yu"(A)) log 



^min(/i"(A),l-jU«(A))y 

Proof. The proof follows immediately from Corollary 13.201 n 

Remark 3.23. Let If/"it) be the isoperimetric profile of /i". The preceding bound combined with the 
upper bound of S Inequahty (4.10)] gives 

c(p) t (log (-)) < V(0 < c'{p)tlog{l/t) (log {j^^^)j 

for any n > log(l/f)/ log 2 and t e (0, 1/2). Hence, we obtain the right logarithmic behavior of the 
isoperimetric profile in term of the dimension n. This result extends the corresponding one obtained 
in section[3]for this class of examples. 

More generally consider the probability measure fi - Z'^e'^'"'^ logCr+l-^D' , ^ e (0, 1], a e R and 
y = exp{2\a\/{p(l - p))} chosen in such a way that 0(x) = |;t:|''log(7 + I;*;!)"" is concave on R"*". The 
assumptions of Corollary 13. 20l are satisfied. Hence, we get that 

V(0 > c{p,a)t {[og(^fj (log log (^ + ^))" , te (0, 1/2). 

Cauchy laws do not enter the framework of Corollary 13.201 Nevertheless, explicit computations can 
be done. 

Proposition 3.24 (Cauchy distributions). Consider dp.{x) - " i_|_„ dx on R, with a > 0. There is 
c > depending only on a such that for alln> 1 and all A c R", 



nf^A^^ min(//"(A ),l-/^"(A))i+» 



n" 



Proof. Since 1 - F^{r) = 2n]-rr ^'^^ ^ ^ ^^' lo§(l ~ ^/j) ^^ convex on R"*^. Moreover J^{t) = 
al^^" min(f, 1 - t)^"^^^", and so the result follows by Corollary 13. 131 □ 

Remark 3.25. Note that, since J^{t) = al^l" min(f, 1 - f)''^'^"', one has 

7^(0 - af '+'/", V?€ (0,1/2). 

Hence, our results reads as 

for some constant c depending only on a. Together with ||9j Inequality (4.9)] (for the upper bound) 
our results gives for any n > log(l/f)/ log 2 and t e (0, 1/2) 

^;;^^^^''^V(0<c'^iog(i/o>^^^^ 

Again, we get the correct polynomial behavior in the dimension n. 
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4. Weighted Poincare inequalities for some spherically symmetric probability measures with 

heavy tails 

In this section we deal with spherically symmetric probability measures di^(x) = h{\x\)dx on R" with 
I • I the Euclidean distance. In polar coordinates, the measure fx with density h can be viewed as the 
distribution of ^6, where is a random vector uniformly distributed on the unit sphere S"^\ and ^ 
(the radial part) is a random variable independent of d with distribution function 



(4.1) iu{\x\ < r}) = nojn s"-^h{s)ds, 

JO 

where a>„ denotes the volume of the unit ball in R". We shall denote by P/^ir) = na)nr"~^h(r) the 

density of the distribution of ^, defined on R+. 

Our aim is to obtain weighted Poincare inequalities with explicit constants for ju on R" of the forms 

djdix) - 4 I („^_„) dx with a > or dfi{x) - 4e~'^''' dx, with p € (0, 1). To do so we will apply a 

{\.+\X\) 

general radial transportation technique which is explained in the following result. 

Given an application T : R" — > R", the image oi /j. under T is by definition the unique probability 

measure v such that 

Jfdv = JfoTdfi, V/. 
In the sequel, we shall use the notation T'^/u to denote this probability measure. 

Theorem 4.2 (Transportation method). Let ^ and v be two spherically symmetric probability mea- 
sures on R" and suppose that // = rfjv with T a radial transformation of the form: T{x) = (p{\x\)A, 
with (fi : W^ ^> R'^ an increasing function with ip{0) - 0. 

If V satisfies Poincare inequality with constant C, then p verifies the following weighted Poincare 
inequality 

Var^if) <cj oj{\x\f\Vff dp{x), V/, 



with the weight a> defined by 



u){r) = maxL' o (p \r), —1 . 



If one suppose that v verifies Cheeger inequality with constant C, then p verifies the following 
weighted Cheeger inequality 



f\f-m\dp<cf 



m\dp<C aj{\x\)\Vf\{x)dp{x), V/, 



with the same weight co as above and m being a median of f. 
Finally, if the function (f is convex, then a»(r) = (/?' o (p~\r). 

Remark 4.3. In 11571 . Wang has used a similar technique to get weighted logarithmic Sobolev in- 
equalities. 

Proof. Consider a locally Lipschitz function / : R" — > R ; it follows from the minimizing property 
of the variance and the Poincare inequality verified by v that 

Var^(/) < JIf- Jfdv] dp^ JIfiT)- J fdv] dv < C J Wif o pf dv. 
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In polar coordinates we have 
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|V(/ o Tf 



|:(/°^) 



+ ^ |Ve(/ o Tf = (^] o r X ^'2 + 1 |Ve/|2 



(§^[orx(,'o,-o,)%^-±-^|v./|^or. 



Moreover, denoting by dG the normalized Lebesgue measure on 5 " \ and using the notations intro- 
duced in the beginning of the section, the previous inequality reads 



Var,(/) < cJj[(|[orx(^'o,-o^)%^-±-^|V,/|^or 



Py{r)drd9 



(^-1)2 

Pfj{r)drd9 






'/■ 



= C I aj\\x\)\Vffdfi 



where we used the fact that the map (p transports py dr onto p^^ dr. The proof of the Cheeger case 
follows exactly in the same way. 

Now, let us suppose that tp is convex. Since ip is convex and ^(0) = 0, one has — < ip'{r). This 
implies at once that a>(r) = tp' o tp'^ and achieves the proof. n 

To apply Theorem |4.2[ one needs a criterion for Poincare inequality. The following theorem is a 
slight adaptation of a result by Bobkov fVf . Theorem 1]. 

Theorem 4.4. Let dv{x) = h{\x\) dx be a spherically symmetric probability measure on R". Define as 
before py as the density of the law of \K\ where X is distributed according to v and suppose that py is 
a log -concave function. Then v verifies the following Poincare inequality 

Vary{f)<Cyf\Vf\^dv, V/ 

with Cy^UU r^py{r) dr - (J rpy{r) drf\ + i J r^py{r) dr. 

Proof We refer to O. n 

Proposition 4.5 (Generalized Cauchy distributions). The probability measure dp{x) = j \(n+a) on 
R" with a > verifies the weighted Poincare inequality 



Var^if) < Copt r (1 + \x\f IV/P dp{x), V/. 



where the optimal constant Copt i^ such that 



n-l -. n-\ , 

Z 7 T^ ^ ^op^ ^ 14 V ; 



(a + ky 
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Remark 4.6. Note that, comparing to integrals, we have 



1 



n-\ 



a^ {a + \){a + n) f^ (a + k) 



n-\ . . 

v-t 1 1 n- 
— < > < 1- 



n-\ 



(a + n- \) 



Since a^ Z^=o r^P? ^ " when a ^ oo, applying the previous weighted Poincare inequality to g{ax), 
making a change of variables, and letting a tend to infinity lead to 



Var,(/)<14«J Wffdv 

with dv{x) - (1/Z)e~''^'(ix. Moreover, the optimal constant in the latter is certainly greater than n. 
This recover (with 14 instead of 13) one particular result of Bobkov IfTTl . 

Proof. Define t//{r) = ln(l +r), r > and let vbe the image of// under the radial map 5(x) = (/^(IxDA. 
Conversely, one has evidently that // is the image of v under the radial map T(x) = ip{\x\)-^^, with 
(p(r) = ifr~^(r) = e'' - I (which is convex). To apply Theorem 14.21 one has to check that v verifies 
Poincare inequality. 
Elementary computations yield 



dv _ 1 / gW - 1 
dx Z\ \x\ 



n-l 



^il-n-a)\x\ 



and 



p,(r) = ^(l-g-T->g— 



It is clear that logpv is concave. So we may apply Theorem l4.4l and conclude that v verifies Poincare 

inequality with the constant Cy defined above. 

Define 

/-•+00 /^l 

H(a)= e-"''{l-e-y-^dr= u"-\l - u)"'^ du. 

Jo Jo 

Then J rpy{r) dr = - -j^ and J r^pv{r) dr - -jjt^t- ■ Integrations by parts yield 

H{a) = 
So, 



(n-iy. 

{a + n - l)(a + n - 2)- ■ ■ (a) 



n-\ ^ fn-\ . V- n-\ . 

H'{a) = -Hia)y and H"{a) = H{a) V +y- 

fc=0 VK=0 / K=0 



{a + ky 



This gives, using Cauchy-Schwarz inequality 



n-\ - ^ ("~^ ^ \ "~1 1 

c^ = 13 y — - + - y — - < 14 y — 



k) 



2" 



Now, suppose that there is some constant C such that the inequality Var^(/) < C J(l + |x|)^|V/p dpL 
holds for all /. We want to prove that C > Y!k=o r^Ta • "^^ '^° ^° ^^^ ^^ '•^^'- ^^^^ inequality on the 
functions fa{x) = TyTn^yr. a > 0. Defining F{r) - j (i^iLyi+r dr, for all r > 0, one obtains immediately 



C> 



1 F{2a + a)F{a) - F{a + of 



a^ 



F{a)F{2a + a) 
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But a Taylor expansion easily shows that the right hand side goes to K - p.," - (7^) , so C > ^. 
Easy computations give that F{a) - noJnH{a) and so A' = YIk=Q T^- '-' 

Proposition 4.7 (Sub-exponential laws). The probability measure d^{x) - g^"''^'' dx on R" with 
p e (0, 1) verifies the weighted Poincare inequality 

Var^if) < Coptf\'^fW'-''^dii{x), 

where the optimal constant Copt is such that 

n n n + p 

— < Copt < 12— + -^. 
p^ p^ p^ 

Remark 4.8. As for the Cauchy law, letting /? go to 1 leads to 

Var,(/)<(13?i + l) flV/pJy 

with dv{x) - (1/Z)e~'^'jjc. Again this recover (with 13« + 1 instead of I3n) one particular result of 
Bobkov|17|. 

Proof. We mimic the proof of the preceding example. Let (A(r) - -r^, r > and define v as the 
image of// under the radial map S{x) = i^{\x\)A. Easy calculations give that the radial part of v has 
density py defined by 

p.(.) = ^(^«)^e-". 

It is clearly a log-concave function on [0, -i-cx)). Let us compute the constant Cy appearing in Theorem 
One has 

1 n'j + 1) n 



I 



rpvir) dr - — 



P r(^) p^' 



'p 



and 



Consequently, 



J 



r py{r) dr 



1 r(^ + 2) ^ „(„ + ^) 



n n + p 

Cy - 12- + -^. 
P^ P^ 



Now suppose that there is some C such that Nw^{f) < C J|V/p|xp(^ p^ dp{x) holds for all /. To 
prove that C > -t» we will test this inequality on the functions fa{x) - e'"^^^'' , a > 0. Letting 
G{t) - Jg~'l^l'' dp{x), we arrive at the relation 

1 G{l)G{2a + 1) - G{a + 1)^ 

C > ^r^ , Va > 0. 

/32a2 G{l)G{2a + l) 



Letting a ^> 0, one obtains C > 4y 

O p- 



1 

I 

yields G{t) = r^G(l), and so C > ^ 



G"(l) 



G(l) \G{\)I 

-(f) 



P' 



n(n+p) 

3 



. The change of variable formula immediately 
, which achieves the proof. n 
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5. Links with weak Poincare inequalities. 

In this section we deal with weak Poincare inequalities and work under the general setting of Section 
El One says that a probabihty measure jj. verifies the weak Poincare inequality if for all / € ^, 

Var^(/) < Pis) J nndfi + sOsc^iff, Ws € (0, 1/4), 

where yS : (0, 1 /4) — > R"*" is a non-increasing function. Note that the limitation i' e (0, 1 /4) comes 
from the bound Var^(/) < Osc^,{ff/4. 

Weak Poincare inequalities were introduced by Rockner and Wang in B8l . In the symmetric case, 
they describe the decay of the semi-group P, associated to L (see Il48l l4l). Namely for all bounded 
centered function /, there exists tfr{t) tending to zero at infinity such that WPtfWtijfi) ^ iA(OII/lloo. 
They found another application in concentration of measure phenomenon for sub-exponential laws 
in ||9l Thm 5.1]. The approach proposed in [9J to derive weak Poincare inequalities was based on 
capacity-measure arguments (following llT3l ). In this section, we give alternative arguments. One is 
based on converse Poincare inequalities. This implies that weak Poincare inequalities can be derived 
directly from the (^-Lyapunov function strategy, using Theorem 12.331 The second approach is based 
on a direct implication of weak Poincare inequalities from weak Cheeger inequalities. In turn, one can 
use either (the mass-transport technique of) Theorem l3.8h n order to get precise bounds for measures 
on R" which are tensor product of a measure on R, or (via 0-Lyapunov functions) Theorem 13.21 
Converse Poincare inequalities imply weak Poincare inequalities as shown in the following Theorem. 

Theorem 5.1. Assume that /i satisfies a converse Poincare inequality 

M J{g-cfcodiu<C Jrig)diA 

for some non-negative weight oj, such that (^ = J (j^djj. < +oo. Define F{u) = ii(a> < u) and G(s) = 
F~^{s) := inf {u;/u{a) < u) > s]for s <\. 
Then, for all f ^ J{, 

— I rrfW/y -I- .?nsc,.rf^2 

G{s) 



Var^(f) ^ 7^ J nf)dfi + sOsc^iff, Ws e (0, 1/4). 



Proof. The proof follows the same line of reasoning as the one of Theorem 13.21 n 

Weak Poincare inequalities are also implied by weak Cheeger inequalities as stated in the following 
Lemma. The proof of the Lemma is a little bit more tricky than the usual one from Cheeger to 
Poincare. We give it for completeness. 

Lemma 5.2. Let ju be a probability measure and p : R^ -^ R^. Assume that for any f e J{it holds 

f\f-m\dfi< Pis) f ^Jn^)d^l + sOscif) Vs e (0, 1) 
where m is a median off under /j^. Then, any f & ^ satisfies 
(5.3) Var^(/) < 4ys(^) J nf)dfi + sOscif)^ V^e (0,1/4). 
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Proof, let / € J?l. Assume that is a median of / and by homogeneity of ( I5.3I ) that Osc(/) - 1 (which 
implies in turn that ||/||oo < 1)- Let m be a median of /^. Applying the weak Cheeger inequality to 
/^, using the definition of the median and the chain rule formula, we obtain 

//</.. /i/-H</..wJi/iVfx7)<'...osc</^) v.. (0,1). 

Since ||/||oo < 1 and Osc(/) - 1, one has Osc(/^) < 2. Hence, by the Cauchy-Schwarz inequality, we 
have 

^ fdii< 2li{s) ( Jr(/) dt)^' U |/|2 di^l +2s Vse (0, 1). 

Hence, 

i i i 

I J f dfi] ' <p{s) U r(/) J/ij ' + Usf J Y{f) dfi + sY . 
Since Var^(/) < j f^ dfi, we finally get 

Var^(/) < 4/3{sf f r(/) d^ + 2s Vse (0, 1) 
which is the expected result. n 

Two examples follow. 

Proposition 5.4 (Cauchy type laws). Let dii{x) = V^^"''^"\x)dx with V convex on W and a > 0. 
Recall that k - -\/a. Then there exists a constant C > such that for all smooth enough / : R" ^ K., 

«,.,(/,. C.-/|V/P*..Osc,,M V..,0,,/4X 

Proof The proof is a direct consequence of Proposition [33] together with Lemma|5]2] above. D 

Remark 5.5. For the generalized Cauchy distribution d^{x) = cp{\ + \x\)~^'^*"\ this result is optimal 
for « = 1 and was shown in 1,48 J (see also [9, Example 2.5]). For n > 2 the result obtained in |48] 
is no more optimal. In 0], a weak Poincare inequality is proved in any dimension with rate function 
/3is) < c{p) s^P for any p < k. Here we finally get the optimal rate. Note however that the constant C 
may depend on ?i. <> 

Proposition 5.6 (Sub exponential type laws). Let dju = (l/Zp) e~^'' for some positive convex function 
V on R" and p € (0, 1). Then there exists C > such that for all f 

Var^if) < cflog |ljj ' J |V/|2 dp + sOsc^iff, Vs € (0, 1/4). 

Proof. The proof is a direct consequence of Proposition 13.51 together with Lemma [S!2l above. n 

By Lemma \5?2\ above, we see that weak Poincare inequalities can be derived from mass-transport 
arguments using Theorem 13. 8 1 This is stated in the next Corollary. 

Corollary 5.7. Let fi be a symmetric probability measure on M. absolutely continuous with respect 
to the Lebesgue measure. Assume that log F^ is convex on R.^. Then, for any n, every function 
/ : R" ^ R smooth enough satisfies 

,2 n 

(5.8) Var^nif) < k\ |V/| J/ + 2^2«^Osc(/)^ Vs > 0. 

J^{sl2Y J 
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with /^i - 2 V6 and K2 = 2(1+2 V6). 

Proof. Applying Lemma |S!2] to //" together with Theorem 13.81 immediately yields the result. n 

We illustrate this Corollary on two examples. 

Proposition 5.9 (Cauchy distributions). Consider d^{x) - " i^„ dx on R, with a > 0. Then, there 
is a constant C depending only on a such that for all n > 1 

Vav(/) < c{^y flV/p dp" + sOsc^„{f)\ Vs e (0, 1/4). 

Proof Since 7,„„(0 = al^'^t^^'^'" for t € (0,1/2), by Corollary [5771 on R", ju« satisfies a weak 

2 

Poincare inequality with rate function jS( 5) - C (7)" , s € (0, |). n 

Proposition 5.10 (Sub-exponential law). Consider the probability measure /i on R, with density 
Z~^e~'-^' , p € (0, 1]. Then, there is a constant C depending only on p such that for alln > 1 

Vav(/)<c(log(^)) " J\\/f\^dii" + sOsc^,.if)\ V^€ (0,1/4). 

Proof. By Corollary 13.201 7p(?) is, up to a constant, greater than or equal to f (log(l/?)) '' for t € 
[0, 1/2]. Hence, by Corollary 15.71 /j." satisfies a weak Poincare inequality on R", with the rate function 

l3is) = c(log(^)P'~'\se{0,\). □ 

Remark 5.11. The two previous results recover the results of 121. Note the difference between the 
results of Proposition 15.61 (applied to V(x) = \x\) and Proposition 15.101 This is mainly due to the 
fact that Proposition 15.61 holds in great generality, while Proposition 15. 101 deals with a very specific 
distribution. The same remark applies to Propositions I5.4l and |5. 91 since in the setting of Proposition 
gH 2/a = -2k. 

However, it is possible to recover the results of Proposition 15.101 (resp. Propositions 15.91 ) applying 
Proposition l5.6l (resp. Propositions 15 .41 ) to the sub-exponential (resp. Cauchy) measure on R and then 
to use the tensorization property S Theorem 3.1]. ♦ 

Remark 5.12. According to an argument of Talagrand (recalled in the introduction), if for all k, ^^ 
satisfies the same concentration property as /i, then the tail distribution of ju is at most exponential. So 
no heavy tails measure can satisfy a dimension-free concentration property. The concentration prop- 
erties of heavy tailed measure are thus particularly intersting to study, and in particular the dimension 
dependence of the result. The first results in this direction using weak Poincare inequalities were done 
in ||9l. As converse Poincare inequalities plus control of the tail of the weight lead to weak Poincare 
inequaUty, and thus concentration, it is interesting to remark that in Theorem 4. 1 and Corollary 4.2 
in II22I . Bobkov and Ledoux proved that if a weighted Poincare inequality holds, any l-Lipschitz 
function with zero mean satisfies 

||/||p<^ II ^[^^\p 

for all p >2.\t follows that for all t large enough {t > Dpe \\ ^Jl+rj^ \\p), 

(Dp II Vl + '/^llp^^ 
//(I/I > < 2 \ ^^ 
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Hence the concentration function is controlled by some moment of the weight. Dimension depen- 
dence is hidden in this moment control. However if one is only interested in concentration properties, 
one could use directly weighted Poincare inequalities. <> 

6. Appendix 

This appendix is devoted to the proofs of Proposition 13.181 and Corollary 13.201 Let us recall the first 
of these statements. 

Proposition. Let <1) : R^ ^ R Z^e a non-decreasing concave function satisfying 0(x)/x -^ Q as 
X ^> oo. Assume that in a neighborhood of +00 the function O is C^ and there exists 6 > \ such that 
O^ is convex. Let //(j he defined in \3.16\ . Define F^ and J^, as in dJ.<5D . 
Then, 

'^o^O'oO-iClogj) 

Proof of Proposition \3.18\ The proof follows the line of flP, Proposition 13]. By Point (///) of Lemma 
16.21 below. O' never vanishes. Under our assumptions on O we have F^Cy) - ^_^Z'^^ e~'^^^^^^ dx ~ 
Z^ e~'^^^^^^ I (^' {\y\) when y tends to -00. Thus using the change of variable y - F~^{t), we get 

lim — = lim 



/-o tO' o (D-i(log j) >— ~ Z^F^iyW o (D-i(log ^) 

O'(bl) 



= lim 



0'oO-i(log-^)' 



By concavity of O we have F^jiy) > Z^^e"'^'^'-^'IV<l''(l3'l) for all y < 0. Hence, since hmoo O' = 0, we 
have log -=4^ < (^{\y\) when v «: -1. 

Then, a Taylor expansion of O' o <!)"' between log j^p) ^^id ^i\y\) gives 






<1>'(M) ^'i\y\)\ F^(y) ^"'7 0'o(D-i(c3,) 

for some Cy € [log ^, 00). 
For J <s: - 1 , we have 

g-<l'(l>1) g-O-dvl) 

(6.1) < Faiy) < 2 . 

Hence, using Point (///) of Lemma \6?2\ below. 



log — L- - Odjl) 
Fuiy) 



= ^i\y\)-log 



fp(y) 



, 2/1 
< log — - + loj 



2 
< log--+clog(|3;|) 
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for some constant c and all j <*: - 1 . 

On the other hand, when O^ is convex and C^, (O'')" is non negative. This, together with Point (/) of 

Lemma [6!2l lead to 



(D"(^) 



0'(;c) 



0"(x) 0'(x) c' 
<{e- 1)—-- < - 



for some constant c' and ;c » 1 . It follows that 

0"oO-Hcv) 



Now, by ( I6.1I ) and Point (///) and (//) of Lemma |6]2j we note that 

log 



1 



/Zc[) 



^^ ^ > OCbD+log -^ +log(0'(|3;|)) 



> 0(|3;|)+log(^)-C3log(|3;|)) 

> 0(|3;|)+log(^)-^log((D(|3;|))) 



provided j <s -1. In turn, by Point iiv) of Lemma l6.2[ 

(D'o(D-i(Cy) 



< — 

y/ bl 



for some constant c" . 

All these computations together give 

1 /. 1 



log- 



^'m\ tiiy) 



OCbl) 



0"oO-Hcv) 



0'o(D-i(c3,) 



<c 






which goes to as j goes to -oo by Point (/) and (//) of Lemma [d!2l This ends the proof. 



Lemma 6.2. Let O : R'^ — > R fte an increasing concave function satisfying (^{x)jx -^ Q as x ^ oo. 

Assume that in a neighborhood of +oo the function O is C^ and there exists 9 > \ such that O^ is 

convex. Assume that J e^'^'-™dx < oo. Then, there exist constants ci,C3 > I, C2,C4 e (0, 1) such that 

for X large enough, 

(0 c^'xO'Cx) < <D(x) < cix<D'(x); 

(//) 0(x) > x'\- 

(Hi) a)'(x) > x~'\- 

(/V) ^<^{X) > (D(C4X). 

Proof. Let (I) - (I) - 0(0). Then, in the large, <1> is concave and (O)^ is convex. Hence, the slope 
functions 0(x)/x and (0)^/x are non-increasing and non-decreasing respectively. In turn, for x large 
enough, 

x^'ix) - xO'(x) < 0(x) < ex^'ix) = 9x(^'{x). 

This bound implies in particular that x<l)'(x) — > oo as jc tends to infinity. Point (/) follows. 



FUNCTIONAL INEQUALITIES FOR HEAVY TAILS DISTRIBUTIONS 33 

The second inequality in (/) implies that for x large enough, 

0'(x) 1 
(6.3) — -- > — . 

^ ' 0(x) cix 

Hence, for some xq large enough, integrating, we get 

1 1 

log ^{x) > log <D(xo) + — (log(x) - log(xo)) > ::— log(x) Vx » xq. 
ci lc\ 

Point (//) follows. 

Point (///) follows from the latter and Inequality ( |6.3b . 

Take c = exp{l/ci}. By Point (/), we have for x large enough 



r*'< 



0(cx) - cD(x)+ I ^'{t)dt 
> 0(x)+ r —dt 

Jx Cit 



> 0(x) 1 + — \dt 



f" _L 

Jx Clt 



= C)(x) 1 + -^ = 20(x). 

Point (iv) follows. n 

Now let us recall the statement of Corollary 13.201 

Corollary. Let O : K.^ — > R Z^e a non-decreasing concave function satisfying 0(x)/x — > a^ x — > oo 
and 0(0) < log 2. Assume that in a neighborhood of +oo the function O is C^ and there exists 9 > I 
such that O^ is convex. Let dii{x) - Z'Z^ e~^^^^^^ dx be a probability measure on R. Then, 

Iu"{t) > cmm{t, 1 - t)0' o 0~^ (log 1 Wt e [0, 1], V« 

\ min(?, I - t)j 

for some constant c > independent on n. 

Proof of Corollary \3. 20\ Since O is concave, log(l - F^) is convex on R"*". Applying Corollary 13. 131 
together with Proposition 13. ISI lead to 

V(0 > cmin(f, 1 - tW o O"^ (log r^ ) \ft € [0, 1], V« 

\ c'min(f, 1-0/ 

for some constant c > and c' > 1 independent on n. It remains to prove that for all t e [0, 1/2], 

fO' o O"' (log -^] > c"?(D' o d)-' Aog -] 

for some constant c" > 0. For t < 1/2 we have l/{c't) < (l/f)*' for some C > 1. Hence, since 
O' o O"^ is non-increasing, 

(D' o (D"Hlog — ) > (D' o O' He log -). 
c't t 
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imia nj.z.| is cL[uivaitiiL lu sa^ sf \jL^j I:: — 
lxLlog2CJ + l 



Now note that Point (iv) of Lemma [6^21 is equivalent to say O {2x) < — O (x) for x large enough. 

C4 



Hence ^-\Cx) < [jj °^^ 0-\x). It follows that 

n (I 1 \L'°g2CJ+i ^ ^ 

(D'o(D-i(log— )><!)' - O-^log-) 

c't \\c^j t 

for t small enough. Finally, Point (/) and {iv) of Lemma 16. 2 1 ensure that 

//M C4<I'(^) 2c4 0(;c) 2c4 , 

\C4 I C\ X C\ X c\ 



Hence 



fO' o 0-' (log -^] > c"t^' o d)-' Aog -] 



for some constant c" > and t small enough, say for t < ?o- The expected result follows by continuity 
of ? h^ fd)' o 0~Hlog f )/f(l)' o (D-i(log ^) (on [fo, 1/2]). n 
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